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“Everything should be made as simple as

possible, but not one bit simpler.”
—Attributed to Albert Einstein'
ne of the most powerful, elegant,

and delighttully simple con-
structs 1 modern p-::-rtfhli{:n

theory is the Two-Fund The-
orem—sometimes called the Two-Fund Sep-
Mutual Fund
1958]. A
few years later, the capital asset pricing model
(CAPM) of Sharpe [1964] created a new
theory of market behavior. One of the key

aration Theorem or the

Theorem—tirst articulated by Tobin

results in the process was a similar, although dif-
ferently motivated, Two-Fund Theorem. There-
fore, we will refer to the Two-Fund Theorem
from time to time as the Tobin-Sharpe con-
struct. As one of the key foundation stones of
modern porttolio theory, the theorem can be
summed up by saying that all desirable, or “effi-
cient,” portfolios can be constructed out of long
and short positions in just two funds: one deliv-
ering the riskless rate of return, the other con-
sisting of the market portfolio of all risky assets.
This construct has become all but synonymous
with the conventional CAPM and 1s as well
accepted as any financial model—at an intel-
lectual level. The caveat is that few if any prac-
ucing mvestment policy strategists use the strict
two-fund form of the CAPM as a basis for
developing actual investment policies. It seems

that no strategist wants his clients’ porttolios to
have a substantial exposure to cash. Is the Two-
Fund Theorem too simple, too elegant, to be
useful in practice?”

Our intent in this article is to go beyond
the asset-only Tobin-Sharpe construct in order
to develop a capital asset pricing model par-
allel to Sharpe’s CAPM, but incorporating the
aggregate plans that investors have for using
their assets, that is, the present value of future
consumption. This present value is a key por-
tion of the “economic lability” on the right-
hand side of investors” individual economic
balance sheets.

We use the terms “liability” and “eco-
nomic hability” interchangeably, with the gen-
erality of meaning allowed to economists, but
denied perhaps to lawyers. Our hability 1sn't
necessarily debt enforceable in court, but the
present value of expected future consumption,
or spending. In the context of an individual
investor, the hability might be the investor’s
retirement spending needs through his max-
imum possible age, including even his plans
for bequests (neither of which is likely to be
a legal obligation). For a defined benefit pen-
sion, the hability is the present value of prob-
abilistically weighted expected future benefit
payments, likely to be somewhat higher than
the mere legal obligation (where the latter 1s
usually measured with the limiting assumption
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that the plan i1s being immediately terminated with no
further new accruals).

Our approach is that of proof by contradiction. First,
we'll incorporate the liability using standard single-period
forms of the CAPM and such standard forms of mean-

ariance surplus unlity functions as have been in common

use since Leibowitz [1987] and Sharpe [1990]. From these,
we will derive our first effort, a three-fund theorem that is
appropriate for investors with a liability and is intended
to be consistent with the conventional CAPM. In this
theory, an investor always holds three funds: a habiliry-
matching asset portfolio (LMAP), the risk-free asset, and
the risky asset portfolio of the conventional CAPM.,

In the second section of the article, taking a closer
look at the three-fund theorem, we will show that 1t 1s
insufficient to describe a world in which investors hold
assets for multi-horizon future use. If all investors held an
[LMAP, then all investors could not also hold a complete ver-
sion of either the risk-free asset portfolio or the risky asset
portfolio. This lack of macro-consistency is unacceptable,
revealing an inadequate specification of both the risk-free
asset and the risky asset portfolio in conventional approaches.

Accepting the premise that holding investment assets
represents a choice by the investor to consume tomorrow
rather than today, we will resolve this conflict by placing
special weight on our earlier observation that all assets in
the market are held to fund consumption deferred over
multiple future periods. In a macro-consistent world, the
aggregate risk-free asset must be equal in value and char-
acter to the aggregate of all of these deferred consump-
tion ladders—the aggregate economic liability—and must
match the lability in its key financial characterisucs,
including its term structure. This aggregate risk-free asset
is not the single-period risk-free asset of the conventional
CAPM:; it is necessarily multi-period in nature. It might
remove some of the mystery from the discussion to say
that the new risk-free asset is a schedule of payments—a
bond—having the same aggregate financial characteristics
as the aggregate liability (sometimes called a superbond
to reflect the fact that the payments prior to maturity are
not all the same).

This logic leads us to recast the three-fund theorem
as a new two-fund theorem in which the mulu-period
LMAP is seen as a more fully general kind of risk-free
asset. Investors thus hold the following two funds: 1) a
liability-matching asset sized to the full value of their
liability and thus risk free,and 2) a fund held in addition
to (not instead of) the LMAP, consisting of the world
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market portfolio of risky assets, where the size of the
investor’s exposure to the risky asset portfolio is deter-
mined by her risk tolerance. Note that the LMAP con-
sists of a full term structure weighted by each investor’s
unique future spending plan and is inclusive of traditional
“cash” versions of the risk-free asset.

An intriguing corollary affects the second fund: If
the risk-free rate has a term structure, then the risk pre-
mium must reflect it; the risky asset portfolio cannot be
adequately specified in terms of a single-period risk-free
rate of return. This second fund, the risky asset portfolio
(RAP), 1s a revised version of the world market portfolio
in which the risk premia earned by its holdings are mea-
sured in excess of the return on a multi-horizon risk-free
asset, in this case that of the aggregate market. This risk
premium is quite different from that of the conventional
asset-only two-fund theorem and of the capital asset
pricing model, and it repairs the inadequacy of the single-
period model revealed by our parsing of the three-fund
theorem.

Our ambition 1sn’t so much to develop a new equi-
librium theory of the CAPM, however, but rather to give
practitioners a familiar and tractable intertemporal model
for developing investment policy. Although our views are
presented within the framework of the conventional
CAPM, using mean-variance utility, we believe them to
be consistent with those found in more sophisticated asset
pricing theories (including the arbitrage pricing theory of
Ross [1976] and the large family of models inspired by
Merton's intertemporal model [1973]). This article is thus
intended to present a completely general approach to
developing strategic asset allocation policy, one that 1s
applicable to all investors—individuals, defined benefit
(DB) retirement plans, foundations, and endowments.

The Original Two-Fund Theorem

As noted earlier, the original Two-Fund Theorem
states all optimal portfolios consist simply of some com-
bination of 1) an asset that is risk free over a single period
(unspecified in theory, but in practice often one year and
occasionally one month or one quarter), and 2) the world
market portfolio of risky assets.” In effect, on a graph drawn
in risk—-return space, such as in Exhibit 1, the theorem
states that the ideal and “most efficient” ethcient frontier
is on the straight line starting at the single-period risk-free
rate (on the vertical, or expected return, axis), extending
through and beyond the data point indicating the expected
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EXHIBIT 1
The Two-Fund Theorem

Expected
Return|

- Capital Market
' Line \

- = Typical Constrained
Asset-only Efficient Frontier

The Two-Fund portfolios that lie on the
CML also share the property of being completely
described by their (single-factor) CAPM beta
relative to the risky asset portfolio. (An asset port-
folio with a beta of 0.5, for example, has only half
of its assets invested in the world market port-
folio of all risky assets, which we designate as Q.)
We make that point in Exhibit 1 by showing the

“pie” of asset class weights as being the same, just

______

larger or smaller than the investable cash value, as
beta changes. The “slices,” or asset classes (more
formally, the asset classes can be generalized as
factors for a mult-factor model representing port-
folio Q), each have a constant (market-weighted)

Eipected Risk

percentage of Q, regardless of the overall beta.
Most of the efficient frontiers used today by

risk and return of the risky asset porttolio; each point on
this line represents a particular weighting of the two funds.*
This line is known in the literature as the capital market
line, or CML. Although it required explanation originally,
it is now widely understood and appreciated as a valid
intellectual construct by all who study financial economics
and parallels to it are found in nearly all models.

The mechanics of the Two-Fund Theorem are usually
articulated in the form of a budget constraint that always has
the total of cash and the market summing to 100%, as fol-
lows. Starting with 100% in the risky asset portfolio, if the
investor desires a lower-risk position to the left of the world
market portfolio (at point A in Exhibit 1), the investor de-
levers by lending cash (buying default-free bills or bonds)
and holds only the remainder of the portfolio in risky assets.
Alternatively, if the investor desires to increase leverage to
achieve a higher-risk position to the right of the world port-
folio (at point B in Exhibit 1), the investor borrows cash and
uses 1t to purchase more than 100% in risky assets.

A more general articulation would be 1n risk-
premium form—an investor always holds 100% of the
portfolio in cash plus any desired exposure to the risk
premia of the risky asset portfolio (no cash needed for
risk premia).

The elegance of this theorem is that the investor needs
to make only one decision: the level of aversion to invest-
ment risk. Once decided, risk aversion directly maps to a
particular point on the ideal efficient frontier, and thus to

an optimal mix of cash and risky assets—a policy port-
folio, Strategic asset allocation policy? One decision, and
done. What could be simpler?
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practitioners are still asset-only frontiers rather
than surplus frontiers and, as such, do not include the eco-
nomic hability or any other liability. Moreover, as illustrated
by the dotted line in Exhibit 1, constraints—such as “no
cash or small-cap™ and “international no greater than 20%"—
are nearly always placed on the optimization and thus pre-
vent the frontier from taking the basic linear shape of the
CML. This reflects the discomfort of strategists with the
Two-Fund Theorem’s recommendation that a portion of
the portfolio be held in the form of cash; the result of these
constraints is that the portfolio holds the market portfolio
of bonds rather than cash, a more desirable result in their eyes.

In the constrained world of curved efhicient frontiers,
the relative proportions of asset classes vary with risk level
from those in portfolio Q, with conservative portfolios
holding a difterently weighted mix than aggressive portfo-
lios, a result at odds with the constant market-weighted
percentages found in the Two-Fund Theorem. Given that
many of the constraints used have little theoretical
grounding, 1t is a surprise that such results are widely
accepted as being “correct” by many or most strategists.
This practice has done much to cloud the understanding
of institutional and retail investors of investment policy, thus
motivating us to find a “better” two-fund version ot policy
development for use by practitioners.

CURRENT METHODS FOR INCORPORATING
THE LIABILITY: SURPLUS OPTIMIZATION

The most commonly accepted, academically sup-
ported, and practical framework for incorporating the lia-
bility 1s surplus optimization. This 1s a variant of the
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traditional form of asset-only utlity used under the CAPM
in which the hability is included as an asset held short. The
optimal set of investment choices for any investor that is
subject to a liability is determined by optimizing a mean-
variance surplus utility function,’

NE*&R {’F.ﬂ = R_?:m: 2y ﬁ-.'pr_g = iﬁfo—ip (]}

Us 1s the utility of the surplus; Ry, ¢, is the net or
surplus risk-free rate over the period of the single-period
optimization: [ is the investor’s surplus beta exposure;
and g, 1s the expected equilibrium risk premium of port-
folio Q (le., M, = R, = R, the total return of Qless R)).
Qs variance is ;. The optimal risk level is a function of
the investor’s aversion to risk expressed in terms of the vari-
able lambda, A.

Equation (1) 1s expressed in a succinct and com-
pressed “surplus” form; we can unpack it a bit to aid the
reader. We can expand surplus beta, B.=(B, —%ﬁ,.),
which is the net or difference in betas between the assets
and the habilities, with the liabilities being corrected for
their size relative to the assets. And we can expand the
surplus risk-free rate, likewise a net of the risk-free rates
of the assets and the liabilities, R, =(R, , =R ).
The variables A, L, S, and Q indicate the assets, liability,
surplus, and world risky asset portfolio, respectively,
whether used as variables, subscripts, or parenthetical notes
to those variables. The subscript 0 indicates beginning-
of-period values. Also, although we show the source of
each risk-free rate element in a parenthetical with A, L.
or S, as appropriate, the rate itself is, of course, the same
regardless of source.

We can make the following substitutions so as to
visualize surplus utility more completely:

Max U,=| R,

p Y

Lil
_TRM,-

(2)

Equation (2) reflects an optimization problem having
as 1ts objective function the maximization of the rate of
return, or growth, of the surplus (or, if L 1s greater than A,
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maximizing the rate of decrease of the deficit), while con-
trolling the risk, or variance, of that rate of return.”

Why Should Investors Incorporate
Their Economic Liability
When Developing Investment Policy?

A plan to spend later rather than now is, after all, the
reason for holding investments in the first place, and the
first objective of those investments must be to cover those
future spending plans and perhaps provide the means to
increase them. This is simply deferred consumption, a classic
Econ 101 trade-oft: People are choosing to consume goods
and services tomorrow instead of today. This trade-off is a
key premise of this aruicle. It is convenient to say that
investors have an economic liability, whether explicit or
implicit, representing their planned future consumption.

The value of the hability is the present value of
deferred consumption, or, in more specific terms, the pre-
sent value of expected future consumption; we will use
these terms interchangeably. For pension plans, it is the pre-
sent value of expected future benefit payments (a broader
measure than just the accumulated benefit obligation, or
ABO). For foundations and endowments, it is the present
value of future spending. For individuals, it is the present
value of expected future spending during the period of
their maximum possible life, a fixed-term annuity (or, if
available, the value of a risk-free life annuity).

In fact, it is fair to make a statement of this relation-
ship as an important identity: Wealth is the present value
of deferred future consumption, from the tautology that
the value of an investors economic assets necessarily equals
the present value of future consumption. As Rubenstein
|1976] so nicely put it, wealth is defined in terms of the
claims to future consumption that it endows.

Don't be misdirected, however; lability-relative
nvesting 1s still about how to invest the assets. The pre-
sent value of expected future consumption is included in
the optimization, but 1t comes in a fixed value and with
fixed factor, or market risk, characteristics—having some
correlations to the assets, to be sure. The size and char-
acter of the liability is not subject to change from the
optimization. In fact, because the lability’s characteristics
are “givens,” the hability becomes a special sort of bench-
mark that has to be matched or beaten by the assets,
revealing the risk and return benefits of hedging the
hability. The liability becomes a central part of the invest-
ment policy construct.
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The Investor’s Economic Balance Sheet:
Can the Investor Be Over- or Underfunded?

[n the classic economic balance sheet, assets equal lia-
bilities plus owner’s equity. For an individual investor, one
can imagine a liability (the present value of deferred con-
sumption) that is smaller than the assets, and thus one can
imagine a concept of “owner’s equity” and “surplus” to
represent assets not planned for personal consumption
(i.e., overfunded). We can move that “owner’s equity”
into the liability category, if we treat it as the present value
of an investor’ final deferred consumption expenditure,
or gifts and bequests to heirs. In this general sense, the
assets must equal the habilities at all times.

After all, what does it really mean, economically, for
an investor to be in deficit? Or n surplus? An investor
cannot owe to herself more, or less, than she has. The con-
cept of over- or underfunding requires us to accept that
an investor 1s dealing with only some of the elements of
that balance sheet and not others (as happens routinely for
DB retirement plans).”’

And we can also imagine a present value of planned
future consumption, again for an individual person, that
is greater than that person’s current assets—an aspirational,
but not currently funded, plan for future spending that,
in turn, leaves room to imagine a “deficit.” But if we were
to provide room in the asset column for economic assets,
however, such as the present value of expected future sav-
ings from labor income, then it is difficult to believe that
this view would be very useful, as any deficit from spending
plans that have a present value greater than available wealth
is just so much wishful thinking. For a foundation or
endowment, these additions would include the present
value of expected future contributions from fund-raising
activity; for individuals, the present value of expected
future savings from labor income; and for a DB pension
plan, the present value of expected future contributions.”

Further, imagine segregating the hability side of the
balance sheet into different buckets representing, for
example: 1) a survival level of consumption, 2) an addi-
tional amount needed to maintain the standard of living
to which the investor has become accustomed during his
working life, 3) an additional amount that would provide
for a luxury level of consumption, and 4) another amount
for desirable planned bequests. The investor could declare
that he is in surplus or deficit relative to any or all of these
amounts. But, regardless, any portion of this layer cake
that, at the end of the day, exceeds the economic assets
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simply vanishes as so much wishful thinking. So it would
add little to the analysis to consider an investor as being
over- or underfunded. You've got what you've got!
(An analysis of the investors potential level of deterred
consumption might, however, be relevant to the investor’s
risk aversion, according to Merton [2006a].)

Of the common types of investors, only DB pen-
sion plans appear at first blush to be capable of being
under- or overfunded; actually this 1s only in the benefit-
security sense of segregating specific physical assets held
in trust to be set against a portion of the present value of
expected future benefit payments, the accrued portion of
that liability.” But, in truth, there is much more to the
economic balance sheet of pension plans, and they also are
always in balance (Waring [2009]).

For purposes of this article, it is necessary to limit
the discussion, keeping this in its simplest form, and not
attempting to optimize the full economic balance sheet.
We will assume that individuals have no labor income,
and thus no present value of future savings or additional
present value of future consumption associated with such
future savings, nor will we consider the house or the
expected bequest from Uncle Dan." Ditto for foundations
and endowments—we’ll assume no present value for future
contributions or other revenue sources, nor spending plans
conditional on them. We'll assume that the ABO 1s the
benefit-security measure of the DB plan lability, avoiding
discussion of the full economic liability or of the inte-
grated balance sheet. The path to including these matters
1s straightforward, however, and may merit a follow-up
paper.

Despite a bias that economic assets must equal eco-
nomic liabilities, we have continued to include the cus-
tomary inequality term in our mathematcs, L /A, for
the convenience of readers who desire to treat DB plans
or other investors as if they are over- or underfunded, and
we'll show how this affects optimal solutions. The eftects
are quite different and much simpler than they are often
described.

FIRST, A THREE-FUND THEOREM
FOR INVESTORS WITH A LIABILITY

Let’s start by using a CAPM of conventional, asset-
only, single-period derivation, optimizing our portfolio
using the surplus utility variant shown in Equation (2). And
because the world is messy, let’s use the academics’ tech-
nique of keeping the function artificially cleaner than it
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really is (for the moment) by assuming that the factor model
of the liability and thus also of the liability-matching asset
portfolio are both on the capital market line and there are
no residuals (returns not linear with beta) from any source.
This simplification lets us focus on easily understood linear
surplus-optimal solutions, which have the convenient prop-
erty that they are all completely describable with the CAPM
beta, nicely consistent with the classic Two-Fund Theorem.

In Part I of Appendix A, we derive the first-order
conditions for this single-factor surplus utility function.
The optimal beta solution for an investor with a liability
15 described in Equation (A2). The equation is in linear
form (intercept-slope), with risk aversion, 4, as the explana-
tory variable and the ideal or optimal asset beta, B .as the
dependent variable,

. Lu -‘u'-'.? I
=| — T |
ﬁ. 4 A : I Eﬁti. )b (3}
I
ntercept Slope

The terms in parentheses are constants. The risk
aversion term, A, is a variable specific to the investor. The
slope term, HQ/EU{E‘,, defines the angle of the line relating
A to the optimal asset beta, An asterisk indicates that a
given value is optimal (in this case for beta, but later in
the article for returns and risks).

Liability-Matching Asset Portfolio

One of the first questions to answer is how to find
the asset beta that provides the lowest surplus-risk level
that can possibly be achieved. To do this assume that the
investor’s aversion to risk, A, is so large that when multi-
plied by the slope term the product becomes effectively
zero, in which case a portion of the equation “goes away™
in a numerical sense. In this event, the optimal asset beta
reduces to its minimum value, the beta of the lability.
We'll call this t‘hﬁ' Iiabili;t}-*-nmtching asset portfolio, or
LMAP, B, = By, = 2 Be-

When holding this portfolio, the asset betas and the
liability betas cancel out, and the optimal surplus beta is
zero, B. = )6.;:.1:.4;-; — ITﬁ, = 0. Because both the risk pre-
mium and risk are direct functions of beta, this would
mean that no surplus risk whatsoever would exist in this
porttolio.”" Therefore, we can also refer to the liability-
matching asset portfolio as the minimum surplus variance

portfolio (MSVP).'
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Holding Equities: The Investor’s “Risky
Asset Portfolio”

Most investors will have some lesser degree of aver-
sion to investment risk than that just described. These
investors will want to hold some amount of exposure to
equities and to other elements of the risky asset portfolio
in the hope of trying to increase the amount of future
consumption that can be supported by their assets. Note,
however, that the liability-matching asset portfolio will
still be present (and will still be, at least notionally, the
same size as the liability) no matter what value is assigned
to the risk aversion term, A.

So, we can firmly conclude that the fund, _;“_m,,]
must always be held by every investor with a liability and,
in addition, the investor will hold whatever amount is
desired of the risky asset portfolio.

Thus this investor will always hold three funds: 1) the
hability-matching asset portfolio of real interest rate expo-
sures (for most investors; and for DB pension plans, some
exposure to the inflation rate), 2) the single-period risk-free
rate portfolio, and 3) if the sponsor has a tolerance for the
risk involved, an additional exposure to the risky asset port-
folio of risk premia (i.e., portfolio Q, generating surplus
beta, ). The second and third “funds” are identical to the
two funds of the Tobin-Sharpe construct.

The information provided in Exhibits 2 and 3 illus-
trate the geometry of the optimal solution. In Exhibit 2,
the hability (L) is placed at a random but relatively low
risk position situated directly on a negative capital market
line, which represents the other side of the balance sheet.
The hability-matching asset portfolio, LMAP, is placed
on the positive, or asset, CML, located a bit further to the
right than the liability itself in recognition that many pen-
sion plan sponsors anticipate treating the liability as larger
than the assets (the L/A rauo is greater than unity); oth-
erwise, the LMAP would be directly above the liability.

To generate the surplus expected return equation
for the optimal portfolio in three funds, we substitute our
solution back into the return components of utility from
Equation (2),

( \
. L L M, I
R =| R -—R +| | —p + — | -—
v { A y Fil )‘1‘ I Elﬂ; ‘.‘]” ﬁ.f. P'f-.'?
\ B.=f,, .T A ),

(4)
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EXHIBIT 2
Include the Liability
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EXHIBIT 3

Three Fund Theorem
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then decompose it into its LMAP and risky asset port-
folio (RAP) components, the latter being its beta expo-
sure to Q,"

Lu " Ll: »
X fiA) T Iz f{L) + ﬁ'l LA g ﬁf ',Jf.:l + (ﬁ 1 RAF }‘Ifl_g
A A“ \-—5'._!"

L)
e " - N - The RAP

W
The Surphas Knk-Free Rate e Swrphn LALAP

Ry i =00

()

In Exhibit 3 we complete the picture. The first
point to identify for a surplus investment policy is the
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single-period net risk-free rate for the surplus,
R, =(R, =5 R, ). This rate is slightly negative as
is expected for a slightly underfunded DB pension plan.
Any underfunding means that the sponsor is paying
implied interest on the shortfall (which would be a zero
term under our general assumption that A = L).

Next, the beta of the liability-matching asset port-
folio and the hability beta cancel each other out,
Boosie = Baisian = I—,*ﬂf) = 0,50 that there is no surplus
beta exposure—neither return nor risk—from this source.
This “surplus LMAP” can then be plotted at the origin.

The span of choices for the remainder, the nonzero
portion of optimal surplus beta representing the risky asset
portfolio, B, ..., forms a capital market line as expected.
But because the return to beta is only a risk premium
rather than a total return, the total surplus return and risk
position is in the new position anchored to the net risk-
free rate and is shown as the “Surplus CML" described by
Equation (3). This 1s the surplus efficient frontier that sets
out the true strategic asset allocation policy opportunity
set for an investor (one having a liability on the CML),
and it is on this line that the total return surplus optimal
solution, B, will sit.

Once the liability has been matched—the first fund
1s key—surplus optimization reduces to be just like an
asset-only problem in the sense that the decision about
how much of the risky asset portfolio and how much of
the risk-free asset to hold is made without further regard
to lhability considerations. In other words, with the lia-
bility matched, the balance of the solution is just as in the
Two-Fund Theorem.

Making This More General: A Liability
Not on the CML

At the beginning of this section we made the unre-
alistic assumption that the liability portfolio was on the
CML—which is only possible if all of its factor-beta expo-
sures, or asset class factors, are proportional to those of
the risky asset portfolio Q (i.e.,if we can describe it accu-
rately with a single factor-beta). It would in fact be rare for
this to happen. Liability portfolios are random relative to effi-
cient portfolios and are not expected to be on the CML.

For our first approach, it was sufficient to describe the
risky asset portfolio with the traditional single factor-beta.
But to adequately allow inefficient interior portfolios, we
need to describe the portfolio and the liability in a more
granular, multiple-asset-class or multi-factor model. F will
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be a unique vector, or list, of asset class weights or factors
(more precisely, this approach will work with a set of mul-
tiple factor-betas from any market risk model, of which
asset class weights are just one very basic example).

We also need to establish notation for describing the
time dimension of the lability, and later of the assets, to
incorporate the spot curve of real yields and future cash
flows across the total period of planned consumption. We
could set up mathematical machinery to represent an
overlay of these longitudinal periodic descriptors of the ha-
bility, on top of the cross-sectional asset class weights, but
this notational Rubik’s Cube 1s unnecessary because we
can accomplish much the same purpose more simply.
Rather than detailing the cash flows period by period,
they can instead be satisfactorily described in terms of cer-
tain summary characteristics, their real interest rate dura-
tion (and for DB plans, their inflavon duration), a form that
compresses a great deal of information from the underlying
cash flows into just those two values. The use of durations
1s an especially convenient shortcut for our purpose because
durations can equivalently and more generally be thought
of as real interest-rate and inflation factor-betas. Durations
have associated returns that can stand in for yields and, in
that sense, are not unlike our asset-class-weight vector and
may, in fact, be included as elements within it."

For individuals, foundations, and endowments, the
liability 1s most simply modeled solely in real interest rate
terms—a complex inflation-protected coupon super-
bond—because the key goal of these funds is to protect
consumption power (similar to Rubenstein [1976]). Again,
this 1s a pattern of deferred consumption that is also
describable in summary form in terms of factor-beta expo-
sures—in this case a F; vector consisting of only one ele-
ment, the real interest rate duration of the deferred
consumption ladder. (An equivalently simple model of a
DB pension lability would include both the real interest
rate and inflation durations of the hability as the only
nonzero elements of F, )"

More detailed models of pension liabilities than
this are possible, of course, and might pick up useful
factor-betas for equity risks, yield curve twist, con-
vexity, and other exposures, but real interest rates and
occasionally inflation rates appear to have most of the
explanatory power; further, real and nominal risk-free
bonds have the valuable property that prices move
inversely to yield, thus protecting consumption power
when held.
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With this setup, we can show how a flexible mulu-
asset-class or multi-factor optimization of a liability
that is not on the CML varies in its optimal solution
from the outcome of Equation (3). The optimal solution
vector (exclusive of the single-period risk-free asset) is
described in Part I of Appendix A, Equation (A5), repeated
here,
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F, is the optimal vector of asset class exposures, V, is the

A
mverse of the variance-covariance matrix of the asset

classes, r, 1s the vector describing the expected returns of
cach of these factors; and T is the transpose operator.

Notice that this solution is completely parallel in
form to Equation (3) other than being expressed in a
multi-factor vector-matrix form in place of the single
factor-beta form. This means that the interpretation is
also parallel to that of the more constrained version; the
intercept term is still readily interpretable as the liability-
matching asset porttolio (and as the minimum surplus
variance portfolio) because it is the only term that remains
when the investor’ risk aversion is very high.

And when risk aversion is not so high that the first
term becomes a zero term, the investor holds (in addition
to the hability-matching asset portfolio) an amount of
exposure to a term (in parentheses) that 1s clearly the
vector-matrix analog to 1, ;’2.3.{}'; term of Equation (3),
the single factor-beta exposure of the investor’s risky asset
portfolio, ﬁ;,ﬁﬂ.,}:q.

To generate the optimal surplus return for an investor
with this unconstrained liability, we again substitute our
solution back into the return components of utility from
Equation (A3) and again decompose 1t into its LMAP and
risky asset portfolio (RAP) components,
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Equation (8) shows the solution in three funds,
parallel to Equation (5): In addition to holding the
single-period risk-free surplus asset, it is always optimal

to hold the liability-matching asset portfolio, regardless of

whether the liability is on the CML. And it is always optional
to hold an additional risky asset portfolio exposed to
the rest of the markets. So an investor holding a lia-
bility needs, at minimum, a liability-matching asset
portfolio, but may also want a portfolio containing risky
assets.

Exhibit 4 illustrates the nature of this more realistic
hability-matching asset portfolio. Because the liability
model for an investor, F| . is an interior portfolio consisting
of, say, only TIPS of a 15-year duration (representing the
full vector of spending plan cashflows), the optimal lia-
bility-matching asset portfolio is also an interior portfolio,
(L,/A)F, . consisting simply of the same exposure, per-
haps levered up or down in duration to reflect a belief that
the assets aren’t as large or as small as the liability.

In fact, because no decision

THE THREE-FUND THEOREM LEADS
TO A NEW VERSION OF THE TWO-FUND
THEOREM AND THE CAPM

Our three-fund theorem is as good as we can make
it using a conventional CAPM as a base, and at first blush,
seems eminently workable and suitable. In fact, it would not
detract from other common, current practices if investors
were to use 1t as a primary tool of policy development: It
would substantially improve policy solutions simply by clar-
ifying the purpose, nature, size, and role of the LMAP in
hedging consumption and spending power; for this reason,
we are willing to encourage its use by practitioners.

But lets take a closer look and decide whether we
can improve 1t further. There is a problem—if all investors
were to hold an LMAP, then all investors could not also
simultaneously hold the conventional risky asset portfolio
(in the aggregate), because, as the risky asset portfolio is
conventionally defined, a portion of the latter portfolio
(real bonds at a minimum) would already be held in the
investors’ LMADPs. The sum of all investments can be no
greater than the market or we face a double-counting
INCONSIStENCY.

This problem constitutes a critique, but not of any
attempt to incorporate the liability into the CAPM.

really needs to be made about

holding the lability-matching EXHIBIT 4

asset portfolio (the LMAPis inde- Three-Fund Theorem with a Liability That Has Residual Beta Exposures

pendent of risk aversion or other
preferences'”
asset allocation policy decision that

Expected |

. the only strateeic
), the y SHratcg Return

the investor needs to consider is
how aggressive or conservative to
make surplus beta. In other words,
how averse is the investor to risk—
what is his or her lambda?—and
thus how large or small 1s the risky
asset portfolio?

Thus, we return to the very R
same interesting generality derived F
from the Tobin-Sharpe construct:
Once a hability-matching asset
portfolio 1s held, the rest of the
strategic asset allocation policy
decision 1s made just as it is for an
asset-only policy under the classic
Two-Fund Theorem.
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Rather, it is a critique of the underlying specification of
the risk-free asset and of the risky asset portfolio. To resolve
this conflict we have to move from a single-period focus
to a multi-period focus and reconsider what we mean
when we refer to risk-free assets.

The Case for Revisiting the Nature
of the Risk-Free Asset

The academy has put much effort over many years
into establishing a richly varied body of equilibrium theory
for risky portfolio and asset prices, but relatvely little
effort into establishing an equilibrium theory for riskless
assets and integrating such theory into more general
pricing theory. This lapse of attention isn’t trivial because
it is difficult—if not impossible—to correctly develop the
theory for risky asset pricing if the theory of riskless assets
that underhies it 1s weak.

In his famous CAPM paper, Sharpe [1964] simply
referred to the “pure rate of interest,” without further
explanation or in-depth discussion, as the rate of return
on the risk-free asset. But it isn't really fair to single out
Sharpe because his treatment of the risk-free asset is
common to all the writers in that formative era, including
those who are often credited, along with Sharpe, as having
co-equally developed the capital asset pricing model. For
example, Treynor [1962, 1999], Lintner [1965],and Mossin
[1966] each did something similarly perfunctory; Mossin’s
quaint turn-of-phrase was that the pure rate of interest 1s
the “price for waiting”" as opposed to the “price of risk.”
A decade later, Ross’ [1976] arbitrage pricing theory used
a single-period risk-free rate, and Merton’s [1973]
intertemporal model incorporated an instantaneous risk-
free asset for determining risk premia. With few excep-
tions, virtually all papers that discussed variations of asset
pricing models included some variation of the same thing,
to this date.

Yet as early as 1966, Modigliani and Sutch were artic-
ulating a view that has been widely accepted as far as it goes,
but has vet to be fully reconciled with the CAPM—namely,
the preferred habitat theory of interest rates, which 1s in fact the
seed for a more complete theory of risk-free assets. This
theory suggests that investors choose to own bonds with
cash flows that have the same timing as their deterred
spending needs in order to reduce or eliminate risk. To para-
phrase Modigliani and Sutch [1966],a 10-year bond is risk-
less to an investor with an obligation 10 years out, but holding
cash is very risky. Since then, this sentiment has been fre-
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quently echoed. Campbell and Viceira [2002] emphasized
the same theory in their compact and wonderfully written
book, asserting that ““[a]t a theoretical level, these points have
been understood for many years” (p. 6). Yet, it remains nearly
universal to use some arbitrarily short “cash™ rate as the risk-
free rate when discussing various forms of the conventional
single-period CAPM, and it seems to be completely universal
when specifying risk premia. The situation is somewhat
improved in the intertemporal CAPM literature, as Merton
[1975, 1977] described his hedging portfolio to include a
multi-horizon Modigliani-Sutch—inspired component, but
did not treat it as part of the risk-free rate. Ditto for Ross’
arbitrage pricing theory—it can include a multi-period port-
folio of bonds, but doesn’t re-examine the risk-free rate.
The views of Modigliani and Sutch [1966] and the LMAP’s
time dimension suggest a path for developing a better theory
of risk-free assets and risk premia, and for resolving the
problem shown in the three-fund theorem.

From the perspective of each asset owner, their
investments exist simply for the primary, and perhaps sole,
purpose of providing for, or “funding,” their deferred
future consumption—or the investor’s “liabilities.” And if
this is true for each investor, it is also true for the overall
market, which is simply the aggregate across all investors.
In Appendix B, we use such an aggregate approach to derive
a simple model for the pricing of risk relative to this aggre-
gate hability, an equilibrium basis for a variant of the CAPM.

Pricing Risk Considering Investors’
Aggregate Balance Sheet

Equation (B5) in Appendix B describes optimal asset-
class or beta-factor holdings for the ith individual investor’s
portfolio (subscript i indexes unique investors, and m rep-
resents the aggregate market),

#*

Fy = Faaary, Pwas Eun ~F) )

—

LMAP RAP

Simplified, the investor should optimally hold a port-
folio of factor-betas (asset classes) that matches the unique
liability of the investor, the LMAP, plus a risky asset port-
folio of returns in excess of the aggregate hability port-
folio. In parallel, for the market as a whole,
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The single-factor risky asset beta of the market,
ﬁﬂm]_m, is generally taken as unity by construction, and
so 1s omitted.

These portfolios are similar to, yet importantly dif-
ferent from, those implied by traditional CAPM models.
The parenthetical term redefines the risky asset portfolio
from its classic form, Q, which is the portfolio of all assets
less R In contrast, the new risky asset portfolio consists
of all assets excluding the aggregate liability-matching
asset portfolio or, in other words, excluding both Rf and
the longer-duration liability-matching assets taken in the
aggregate—the latter having traditionally been consid-
ered part of the RAP.

To avoid confusion with Q or Fq, we will refer to
this new market portfolio of risky assets as O, or more
formally in terms of its asset class risk-premium expo-
sures, Fé =F,, —FLJ“.” In this way, we consider risk-
free real bonds of all horizons (and of appropriate weights
for each investor, asset, or the market) to be the building
blocks of a multi-horizon risk-free asset for each investor
and for the market. Our redefined risky asset portfolio
1s still priced on the basis of its market risk as in con-
ventional theory, but only on that portion of those risks
that 1sn’t hedging the hability side of investors’ aggre-
gate balance sheet. This statement constitutes a new inter-
pretation of the risky asset portfolio and the risk
premium.

Expected Returns

We can again substitute these optimal holdings into
the return components of our surplus utility function,
Equation (A3), to get the optimal surplus return of this
new form of liability-sensitive investor,

L]
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We multiply through by A, , changing the expres-
sion from surplus return to the change in surplus wealth,
and then group and 1dentity the optimal asset-return and
liability-return components, as follows:

A, R, =4, [R_,,,“ +F, e To T ﬁ_-un_-w],.quq]

L r
b

Ry,

r|!.|_LFL,|rQ? (]3‘)

R, .

=y L3¢

where r, 1s the vector of expected returns in excess of a
single factor R, from the original CAPM across all asset
class or factor-betas (i.e., inclusive of both risk and horizon
premia).

The expected optimal return of the asset portfolio,
in 1solation, in this lability-relative form of the CAPM 1s
R, =R, +F, yyum Yo + B Ej¥y. This is the sum of
the returns for the three funds we have discussed—the
traditional risk-free rate, the LMAP return, and the risky
asset portfolio (RAP) return. But the risk premium of the
risky asset portfolio 1s now explicitly redefined in terms
of our multi-horizon risk premium, which is now defined
as p, =F,r,.

So we have redefined the three-fund theorem in a
manner that is macro-consistent and workable. Is there a
way to make this more parallel to the original Two-Fund
Theorem?

Is It Really Three “Funds” or Just Two?
Combining R and the LMAP

into a Single Fund

Because of the way we developed this model, starting
with the notation and forms of the traditional single-period
CAPM, the single-period risk-free rate was taken out of
the LMAP, which 1s expressed as a risk premium (or
horizon premium). But if we agree that the two together
constitute the complete risk-free asset on the basis that the
LMAP—at least the real interest rate portions—is required
umiversally by all investors, then the total return for a par-
ticular investor is their sum,

R =R +F r (14)

A(LMAP). f(A) A(ILMAP) i Q
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To parallel traditional notation, we can define
R, e, = R, aversion of the risk-free rate that incor-
porates the multi-horizon needs of the investor. Similarly,
we can define the risk premium of the risky asset port-
folio not as {4, but as y,‘; = Férq‘ With this notation, we
can express the optimal asset portfolio return extracted
from Equation (13) in scalar algebra, as a CAPM variant,
in clear parallel to the form of the classic CAPM,

R =R B st (15)

Not only does this portfolio lie on the CML, bur,
by inspection of Equation (15), can be seen to lie also on
the security market line (SML) discovered by Sharpe [1964]
(if graphed in beta, B, versus expected return space, we
would see a linear relationship between beta risk and
expected return). We complete this as an asset pricing
model by noting that if we have proven this latter point
for the optimal asset portfolio, then we have proven it for
all other portfolios and assets. For this conclusion we need
only refer back to the same argument originally developed
by Sharpe, the key to the CAPM: Like portfolios, assets
must all lie on the SML and must also have expected
returns proportional to their betas. Here, because there
are as many risk-free rates as there are investors, there are
as many CMLs and SMLs as there are investors and assets,
but they all work with the same RAP.

While the asset portfolio must carry risk not only
from the RAP but also from the LMAP, the LMAP risk
disappears when matched to the hability. Thus, the total
surplus risk if the investor holds this optimal asset port-
folio would simply be

L m— " F + T = .3 3
G.H.l T ﬁ.'h AP FQ VQ FQ = B.-I- H.ﬁ*-.-gu { I' ﬁ}

What Will be the Experience of Our Investor?

[f an investor with a long future of annual consump-
tion flows followed this advice (an individual planning for
retirement, for example), and actually established an LMAP
that corresponded to the consumption plan “lability™ (per-
haps a ladder of zero-coupon TIPS), with no RAP, then the
investor's consumption would remain absolutely level in real
terms and at the same level as when the LMAP was estab-
lished, a result of the unique property of these bonds that
prices move perfectly inversely to returns. The derivative of
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both the rate of consumption and of the present value of
expected future consumption, with respect to changes in
the real interest rate curve, is of necessity zero; that 1s, if real
interest rates decreased, increasing the hability, the LMAP
value would also increase. The new higher value of the
LMAP would support the 1dentical periodic annuity
payment for consumption as did the prior smaller LMAP
with the higher real rate.

But if the investor also held a portfolio of risky assets,
consumption would increase or decrease directly with the
returns on that portfolio; the derivative of consumption
(the relative proportion of wealth spent in each future
period held constant) with respect to changes in port-
folio value from risky asset returns is one.

Discussion and Implications

In this section, we discuss critical elements of the
Two-Fund Theorem and noteworthy implications of its
;?.p!:n]ifal:iun.

Relationship to Full Intertemporal Asset
Pricing Models

A large literature exists that describes other, more
sophisticated intertemporal capital asset pricing models.
In this literature 1t 1s common for the results to be
expressed as two-fund, three-fund, or even n-fund the-
orems. The flagship of this literature 1s Merton’s [1973]
article, but there are many more articles of importance,
by Merton and others.'” The models that are presented
in these articles have several strong virtues, which have
made them the exclusive focus of a number of academics
working today. These advantages include, among others,
their ability to use native utility theory in place of the
mean-variance approximation, their ability to explicitly
provide for an investor’s flow of future consumption
needs, and their capability of dealing with an investorss
need to hedge not only real interest rate risk over time,
but other types of unique individual intertemporal risks
as well. Untortunately, these models have the disadvan-
tages of being difficult, or in many cases impossible, to
solve when applied to practical real-world problems and
of being constructed in the somewhat-advanced math-
ematics of stochastic dynamic calculus—which is unfor-
tunately impenetrable to most practitioners. Thus, these
models have had little practical application despite their
flexibility, elegance, and beauty.
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The asset-liability version of the CAPM presented in
this article 1s for all intents and purposes a simplified version
of such an intertemporal model, one that combines many
of the best features of the highly tractable, single-period,
mean-variance, asset-only world of most practitioners today.
and the more heady world of the Merton style of intertem-
poral model that uses utility theory and continuous-time
mathematics. By remaining in a mean-variance framework,
it is fully transparent and understandable by many, if not
most, practitioners and is readily usable. If the single most
important lesson of the full intertemporal model is that the
investor can hedge future consumption over time, then this
model also accomplishes that task. If additional important
lessons address hedging other more unique risks faced by an
investor (energy price risk for a utility company or for an
airline, for example), then by extending this model to include
the remainder of the organization’s economic balance sheet
beyond the investment assets already on hand, similar results
can also be developed.

What this model can’t do 1s to reflect the finer dif-
ferences in the optimal portfolio that might come from
use of the more sophisticated utility and from the smooth
evaluation of continuous-time mathematics. We don’t have
any parallel to the Merton approach’s ability to hold secu-
rities that hedge “wealth productivity shocks™ or certain
other risk exposures that may change the investment oppor-
tunity set; see Campbell and Viceira [2006] or consider the
term structure of the risk=return trade-off (long-horizon
serial correlation) shown by Campbell and Viceira [2005].

Are these shortfalls important? Yes, but—in either
case, the primary LMAP portfolio will be essentially the
same and the primary RAP portfolio will be the world
market portfolio of risky assets (ex-LMAP assets). Other
potential hedges will be missing, but in most cases they
are relatively smaller in importance. It is hard not to con-
clude that the misnamed Pareto’s Law, the 80/20 rule, is
fully sausfied.

Guidance for a Sensible Spending Rule

The discussion in this article strongly implies that
we determine our spending rule either with an explicit
annuity (see Endnote 11) or by replicating an annuity-
like payment stream. As a bonus, a replicated annuity
gives the investor the option to hold a personal LMAP
and to hold some risky assets. A replicated annuity assures
that funds will last a lifetime by avoiding the risk of over-
consumption during periods of low returns. The replicated
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annuity can be adjusted to front- or back-end loading
on consumption, providing allowances for high late-life
medical costs, a preference to spend more when rela-
tively young than when relatively old, and other time
preferences.

The key idea is that in each period the amount with-
drawn from assets and consumed would not exceed the
amount that would have been paid out and spent in the
same period if, at the beginning of the period, the annuity
holder had purchased a fairly priced level-payment (or
any other desired shape) real annuity for her maximum
possible remaining lifespan (for constant consumption,
this provides about 3.0% of the portfolio value each year
for a 40-year future when the real interest rate is 1%, and
about 3.7% when the real rate 1s 2%). At the beginning
of each successive period, the amounts of the payout and
the consumption would be recomputed, given the then-
available value of the asset portfolio after returns, whether
good or bad.

[f the investor holds as part of his portfolio an LMAP
portfolio of real rate bonds that hedges the spending plan,
the rate of consumption will be protected, as was just
described. If the investor also holds a risky asset portfolio,
then consumption can be ratcheted up (or ratcheted down)
proportionally to the return of the risky asset portfolio each
period.

Nonobvious Sources of Long-Horizon
Risk-Free Returns

All asset returns, including risky assets, include an
underlying term structure of multiple-horizon risk-free
rates, R’ , embedded within their total return. Presumably
these are weighted as a function of the size and timing of
their expected future dividends (or other payouts to
investors). This means that equities—and all other risky
assets—have a multi-period horizon (that can also be sum-
marized as duration) and that they are able to supply a por-
tion of the LMAP portfolio F| ; to the investor.'” Because
of the presence of these embedded long-horizon real risk-
less assets within all assets, including all equities and other
risky assets, investors probably do have holdings that more
closely approximate their LMAPs than we might other-
wise think. To the extent that they do, this new two-fund
theorem is a positive theory, not just a normative one.
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An Indifference Proposition: The Present
Value of Future Consumption Does not
Change with Investment Policy

We have used a multi-period risk-free discount rate
on the liability side of the balance sheet to determine the
present value of the investors expected tuture consump-
tion. What if the investor is invested on the asset side in
a portfolio including not just an LMAP, but also risky
assets—should the discount rate for the liability also
change?

Well, ves, and 1n fact 1t 1s axiomatic that both sides
of the balance sheet, when properly displayed, should have
the same discount rate. But changing the discount rate
on the liability side would make no difference to either
the present value of the hability or to the amount of the
investor’s wealth today: if the investor 1s invested in risky
assets, for the same initial portfolio value, the expected
level of future consumption will be higher than for an
investor holding only the LVMAP. But that higher expected
level of future consumption on the lability side would
be discounted back to present value using a discount rate
including the risk premium from the risky assets on the
other side, a higher discount rate—because 1t 1s, in fact,
riskier. The bottom line is that the present value of future
consumption would be the same regardless of investment
policy.

What this means 1s that holdings of risky assets,
F,:H-R_.w,_,, might make an investor more wealthy and thus
able to spend more, and will certainly do so if realized
returns are close to, or above, their expected value. But the
presence of risk in the risky asset portfolio means that
returns of the assets may well be less than those of the
LMAP alone and, in such a case, the realized level of future
wealth, and thus of future consumption, will be lower, not
higher, than if the investor had invested solely in the
LMAP. Assuming that risk 1is fairly priced, the odds are
exactly fair that the more aggressive policy will result in
the investor having a smaller pool of assets from which to
fund consumption as the investor having a larger pool.
Taking on more risk does not create wealth in and of
iself. Wealth creation (or destruction) depends on uncer-
tain future realizations, not current expectations.

[t 1s convenient to start investment planning by
assuming that the investor wants his deferred consump-
tion to be secure, which calls for use of the risk-free rate.
But if the mvestor is willing to accept some level of uncer-
tainty, then he can add risky assets to the portfolio, which
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increases the return and risk to both sides of the balance
sheet. Regardless, the present value of assets must equal the pre-
sent value of liabilities and that value will not change with invest-
ment policy.

So, contrary to common belief among investment
professionals, holding a riskier portfolio with a greater
expected return, rather than a more conservative port-
folio, does not assure greater future consumption. Neither
will a riskier portfolio assure the make-up of a shortfall
between assets and a higher aspirational lability (for indi-
viduals or for endowments), nor a shortfall between assets
and a DB retirement plan’s liability.

Honoring the Traditional Budget Constraint:
100% Investment and No More

There is an apparent difference worth discussing
between the two-fund theorem and the theorems of Tobin
[1958] and Sharpe [1964]: the risk-free asset, or LMAP,
is held in the full value of the assets, and the risky asset
portfolio, which consists solely of risk premia, is held over
and above the LMAP. This observation has caused some
with whom we have discussed this article to be con-
cerned that the optimal portfolio must sum to greater
than 100%, a perhaps inappropriate degree of leverage.

The reconciliation lies in keeping the amount
mnvested in the risk-free asset separate from the amount
invested in risky assets. The first generates total returns,
but the latter only generates risk prenua. A portfolio of
100% cash 1s no more or less fully invested than a port-
folio of 100% equities—but the equities implicitly repre-
sent 100% cash plus 100% 1n the equity risk premium.
Viewed in this way, this solution is no different in its
leverage characteristics than those of Tobin and Sharpe,
and the portfolio 1s not more than 100% invested (see
previous discussion).

CONCLUSION: IMPLICATIONS
OF THE NEW TWO-FUND THEOREM

In this article, we have incorporated the hability
side of the investor’s balance sheet—the multi-period
“economic liability” or present value of deferred future
consumption—into our derivation of a new form for
the CAPM. It turns out that a single-period form of the
risk-free rate is simply not compatible with the mult-
period form of most expected future consumption. These
liabilities are the reason for which such investments

SUMMER 2009



are held, and therefore all investments represent future
consumption possibilities, deterred in a multi-period
context.

In a macro-consistent world, the aggregate risk-
free asset, that is, the aggregate hability-matching asset
portfolio, must be equal in value and character to the
aggregate economic liability or deferred consumption
plan, and must match the hability in its key financial
(beta-factor) characteristics. Such a risk-free asset must
of necessity have multiple horizons over time—a term
structure—rather than a single-period short horizon
of the risk-free asset of the conventional CAPM. And
if the risk-free asset must have a term structure, then
the risk premium must reflect it.

This gives us a usetul iteration of the CAPM, incor-
porating an old theory of risk-free returns, that of
Modigliani and Sutch [1966]. Our two funds are no longer
the same as the two funds of Tobin and Sharpe, in that our
specification of both the risk-free asset and of the risk
premium is now multi-period to match our specification
of investors’ deferred consumption plans. And our LMAP
portfolio of consumption-hedging, but otherwise risky,
bonds is clearly priced on a different basis than are other
“risky” assets.

This form of the two-fund theorem will be much
more comfortable than the original Two-Fund Theorem
to those strategists who never could bring themselves to
divide the portfolio between single-period cash and risky
assets, a solution that while elegant never seemed to fit
the real world of investor needs. A risk-free asset con-
sisting of an array of lhability-cash-flow—matching risk-
free real bonds will be much more intuitvely acceptable.
Strategists can comfortably return to a consistent usage of
the world market portfolio of risky assets, using it as the
base method of exposing portfolios to the market across
asset classes, regardless of risk tolerance.

Tomorrow’s strategic asset allocation policies need
to be much better than today’, for all investors. Today, we
spend a great deal of time on distractions, such as justi-
fying policy allocations to hedge funds and “exotic asset
classes,” when there 1s an investment strategy elephant in
the room that we are only slowly beginning to acknowl-
edge. That elephant, the economic lability, needs to be
attended to. If attention 1s not paid to it, investors of all
types are focusing on the wrong issues and carrying excess
and uncompensated risks. Surplus asset allocation in the
context of a multi-period risk-free rate is the tool of
choice for doing so.
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Granted, this multi-period CAPM may be more dif-
ficult to parameterize than the original. A multi-period
risk-free rate forces us to deal with the term structure, or
at minimum, the duration, of our client investors and of
the market as a whole, perhaps a more dithcult task than
in a single-period context. Planned future consumption
for investors may also be difficult to estimate, but rela-
tively level future spending plans will likely achieve accep-
tance as the default. In both cases, it may turn out that it
is sufficient to simply estimate the real rate duration of
future spending, rather than the exact term structure, as
we do in this artcle.

A more complete solution will include more oft-
book economic assets, such as labor income, human cap-
ital, current consumption, and future savings, for
individuals’ retirement planning, and future gifts and con-
tributions, as well as the economic value of assets, for pen-
sions, foundations, and endowments. Of course, all the
criticisms and weaknesses that have been asserted against
the CAPM apply equally to this form of that approach.
The fact 15, however, that all capital asset pricing models,
including the sophisticated intertemporal models, can ben-
efit from including the present value of a liability expressed
over time and tied in value to the available assets, as well
as from writing budget constraints more carefully so as
only to tie the cash position to investment values, not risk
premia. Doing so will give these models an improved
theory of the role of the risk-free asset and of the struc-
ture of the risk premium.

A practically implementable CAPM needs to be as
simple as possible—nbut not one bit simpler. It is too simple
when based on single-period cash without regard to the
liabilities of investors. With the bit of complexity we have

added, we hope that investors will conclude that this two-
fund theorem is intuitive and practical, and theretore

usable, improving strategic asset allocation practice.

APPENDIX A

Deriving the Three-Fund Theorem
for Surplus Utility

Part I: Taking the utility function from Equation (2) in
the text, we evaluate 1ts first derivative with respect to the single-
factor asset beta. This tells us how utility changes when beta
changes,
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Setting this equal to zero, and manipulating, we learn that
the solution for the utility-maximizing, or optimal beta, 8, ,in
the presence of a liability is

L ,
18, |+ 22 |+ (A2)
. 20, ) A

Part II: When discussing liability models that are nor on
the capital market line, we have to discuss asset class weights
(factor-beta exposures) that are weighted differently than market
weights (1.¢., they are not proportional to portfolio Q).

Most liability models, being largely or solely combinations
of long risk-free real and sometimes nominal bonds, have asset
class weights (mixes of beta factors) that are not at all propor-
tional to those in Q. In such a case, both the hability model and
the LMAP will be off the CML and below it. In preparation,
we can re-express Equation (2) in vector-matrix form, which
allows us to move from the single-factor CAPM of Sharpe
[1964] to a simple multi-asset-class (or multi-factor) model, so
that the asset class weights can vary from those in Q,

¥ LII L“‘
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Our asset class vectors, F, are row vectors of weights for
the various asset classes or other factor-beta exposures; all other
vectors are columnar. Specifically, F, is the unique vector of asset
class weights composing the market portfolio Q, and F, and
F, are the weights of the asset portfolio and of the liability. ry
is the set of equilibrium expected returns for these asset classes
and V, is their variance-covariance matrix.

Q

To get the optimal solution, we take the first derivative

of surplus utility, Equation (A3), with respect to the vector of

asset classes,
6{ "'- T L'!l
o =1, - EJ.VQFA +24 o 'ﬂu"ﬂFLT (A4)

ﬁ =0

And to solve for the optimal vector of asset class expo-
sures, F,, we set the right side of the equation equal to zero,
multiply through by the inverse of the covariance matrix, and
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rearrange to get a result that 1s very much parallel to Equa-
uon (A2),

vie )
L ]
. i
>
il — A o
—_—— , (A5)
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APPENDIX B

A New Form of the Two-Fund Theorem

We know the optimal holdings for an individual investor
from Equation (A5). But a single investor does not describe the
whole market. The market, m, is the summation of all of these
N optimal individual portfolios, including both the LMAP and
risky asset portfolio portions (i.e., across Equation (A5)),

[ L (Vaes)® 1
. Qo
S s P o B1)
= | e | ¥

Because the market is simply the sum of all investors in
it, we can move the first portion of the term in parentheses
outside of the summation simply by replacing 4. with the risk
aversion of the market, A , and we can drop the asterisk on
F, . as the market purttnlm does not need a reminder of its opti-
mality. And the aggregate across all investors’ LMAI, the second
term, is the marker hability-matching asset portfolio, F, . The
liability/asset ratio for the aggregare is unity, as every asset is
someone else’s liability. This gives us the market portfolio
described in two components—a risky asset component and a
hability-matching component,

(Vote) 1
F.l'l..m = FL.m o 2 )1 (BE}

i

The reason for aggregating optimal investment strate-
gies across all investors is so that we can determine the market-
clearing price of risk. We can solve for it by rearranging
Equation (B2) as follows:

(Vo'ry)' /2=(F,, -F.)A, (B3)

We substitute Equation (B3) into Equation (A5) to get a
model of the optimal individual portfolio, but now using market
equilibrium-risk pricing,
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The ratio of the market and individual lambdas is the
investor’s single factor-beta for the risky asset portfolio. There-
fore, we can make this look more familiar with a form parallel
to the classic CAPM, but with a revised risk-free asset,

F.;.r = F;.LL'l-I.'lPJ.I + ﬁ.:iH."J"I.J (Fﬁ.m s 1::L."rl"" (HE)
ENDNOTES

'See http://www.quotationspage.com/quote/2927 html,
accessed on February 27, 2008,

*We would like to thank Laurence Siegel for his advice,
comments, and suggestions, as well as Mary Brennan for her
editing. And a special thanks to Paul Kaplan for not only sug-
gesting that we challenge the notion that the liability-matching
portfolio can be a third fund (after he reviewed an earlier ver-
sion in which only the three-fund theorem was discussed), but
for also suggesting later the important transformation in Equa-
tions (B3) and (B4), which is key to making this a fully gen-
eral pricing model.

“In this reference to the “original” Two-Fund Theorem
(which we’ll capitalize), we're including the generally accepred
body of knowledge that fleshed it out over the vears. For
example, Sharpe characterized the risky asset portfolio as con-
sisting only of equities, but Roll [1977] showed why this port-
folio should consist of all risky assets; we include such generally
accepted incremental refinements.

*It relies on an assumption (among others) that the amount
of cash in the portfolio is unconstrained; that is, cash can be
borrowed or lent at its risk-free rate in any amount the investor
chooses.

*For more detailed discussions of the derivation of sur-
plus-optimization utility functions, and to see alternative for-
mulations, see Waring [2004a, 2004b]. In general, these articles
expanded on the basic premise of surplus optimization, inte-
grating several ideas and derivations originally articulated sep-
arately by others (cited there, but particularly Leibowitz 1987 |
and Sharpe [1990]), and showed how to put the basic theoret-
ical idea of surplus optimization into a practical and usable form.
It described a total return (beta plus alpha) surplus efficient
frontier using an objectively describable measure of the pen-
sion liability. For other approaches, see Campbell and Viceira
[2002], who provided a summary of the literature of invest-
ment strategy technology, quite complete up to its date, with
an emphasis on power utility of consumption (in both discrete
and continuous time).
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“By convention we generally refer to A — L as the “'sur-
plus™ even if it is a negative number (a deficit).

“To make an analogy to a pension plan, an individual’s ha-
bility is always “fully funded” (i.e., with an L/A ratio of unity).
Unfortunately, this happy state i1s not all that it might seem, as the
implied benefit level is all too often too low to be comfortable.

"See Waring [2004a] for a discussion of U.S. equity real
interest rate and inflation durations and of how one can incor-
porate them into the surplus-optimization policy development
effort.

"Today the benefit security measure of the liability is gen-
erally a conventionally measured ABO, a very unsatisfactory
measure for that purpose. See Waring [2009].

""This doesn’t merely restrict use to individuals who are
retired or otherwise have no labor income, as it is equivalent to
an assumption that the present value of future consumption asso-
ciated with labor income 1s pertectly correlated with the present
value of future savings from labor income (and definitionally
equal). Thus, there 1s a hedge with respect to the surplus, but not
with respect to retirement consumption; it carries whatever risks
are associated with the investor’s labor income and thus his or
her savings. To the extent that these are market-like, the strate-
gist may want to take those risks into account as adjustments to
the risky asset portfolios we develop later in the article. While
an optimization of the rotal economic balance sheet would
improve on this “Kentucky windage™ approach, our simplifica-
tion isn't a bad working assumption even for a young person
with much more human capital than investment capital. For a
complete discussion, see Bodie, Merton, and Samuelson [1992]
and Merton [1993].

"Merton, likewise, suggests that a life annuity 1s the ideal
risk-free asset for individuals [2005], but here we use the max-
imum possible life, and a real fixed annuity, rather than life expectancy
and a real life annuity, because at the current time the issuer
default risk for available commercial annuities seems high
enough to discourage their use. Also, investing in annuities
requires funding in cash, making 1t dithcult and impractical to
layer any risky asset exposures on top of the “portfolio.”

“The comment that all risk from the hability goes away
is confined to market-related risk capable of being hedged. Not
all liability characteristics can be hedged. As discussed in Waring
[2004b], “hability alphas™ are those parts of the hability return
that have risks not hedgeable through any financial instrument.
These include mortality risks and other demographic uncer-
tainties unrelated to market movements. Further, one person’s
inflation rate might well be different from that of another given
differences in their consumption baskets (see, tor example, Jen-
nings [2006]). And this, in turn, means that one person’s risk-
free real bond ladder is different from that of another, not only
in duration, but in its consumption-hedging dimension (no
instruments yet exist to make this observation actionable).
Because there are no investment solutions to these risks, we
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don’t address them here. The only solutions come in the form
of plan design alternatives, that is, building hability structures that
don't create as many unhedgeable uncertainties. Fortunately, it
appears that the contribution of risk from unhedgeable demo-
graphic uncertainties is much smaller than the risk that 1s con-
tributed by holding assets not well matched to the liabilities, the
current norm. So if we fix the latter problem, we will have fixed
the bigger part of the problem.

“In Equation (5) and in Equation (8) that follows, we
conform to usual practice and consider the optimal RAP to be
the portfolio’s exposure to the market risky asset porttolio, as
conventionally defined, in our notation ;{mph, In the dis-
cussion following Equation (10), we will show that this pre-
sumption needs refinement.

"“We are aware that this simplification, using a single dura-
tion rather than the full span of consumption-weighted cash
tflows with their individual zero-coupon durations and yields,
gives a higher yield than would the true underlying superbond,
but at the price of missing important convexity and nonparallel-
shift hedging requirements. This may be a fair trade-off for
small investors with high trading costs, but larger investors will
want to model their hability and implement their LVIAP in the
more granular form. For an excellent approach to building more
detailed and complete models of pension liabilities, see Fabozzi,
Martellini, and Priaulet [2006]. Also, if future consumption is
in more than one currency, that fact should be reflected by the
presence of real-rate instruments matching those cash flows in
those currencies (or effective equivalents using hedges) when
building the liability model that will include similar positions
in the LMAP portfolio and thus in the optimal solution. This
1s similar to Solnik [1974], but without requiring an additional
fund.

“In a paper that is closely related in subject matter, but
that comes at the topic from a completely different direction,
Hoevenaars et al. [2007] built a sophisticated structural econo-
metric model of the key asset classes and concluded, consistent
with our observation, that long-term real bonds should be
favored by hability-relative investors.

“This 1s consistent with the results of Rudolf and Ziemba
|2004] 1n a full intertemporal model (p. 976).

"This discussion of Fé clarifies the caveat made in End-
note 13.

"See Campbell and Viceira [2002] for a general overview
of this literature. Merton has been prolific; in addition to his other
articles cited elsewhere herein see [2006b]. Others of note
include Breeden [1979], and Rubenstein [1976], as well as
authors cited elsewhere in the article. Of these models, all take
future consumption into account, but Merton [1993], Rudolf
and Ziemba [2004], and Martellini [2006] do so using an explicit
liability. The last paper is the closest to ours in its results.

“The durations of risky assets have historically been dit-
ficult to estimate, but with a stream of future cash flows and a
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discounted price today, this suggests there must indeed be price
sensitivity to changes in the underlying risk-free rate. The dura-
tion of a risky asset is usually debated as if it were in nominal
form, but Waring [2004a] and Siegel and Waring [2004], fol-
lowing Goodman and Marshall [1988], separated nominal infla-
tion into real interest rate duration and inflation duration. These
authors suggested that the inflation duration of equities 1s roughly
zero and that the real interest rate duration 1s in the high teens.
Today, we would argue that the real interest rate duraton 1s
somewhat lower

in the high single digits, say 8, taking into
better account the correlations between the real interest rate in
the denominator and the dividend stream in the numerator of
the pricing equation.
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